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Abstract

Two conciliation processes for intelligent
agents based on an iterated merge-then-
revise change function for belief profiles
are introduced and studied. The first ap-
proach is skeptical in the sense that at any
revision step, each agent considers that
her current beliefs are more important than
the current beliefs of the group, while the
other case is considered in the second,
credulous approach. Some key features
of such conciliation processes are pointed
out for several merging operators; espe-
cially, the “convergence” issue, the exis-
tence of consensus and the properties of
the induced iterated merging operators are
investigated.

1 Introduction
Belief merging is about the following question:
given a set of agents whose belief bases are (typi-
cally) mutually inconsistent, how to define a belief
base reflecting the beliefs of the group of agents?
There are many different ways to address the belief
merging issue in a propositional setting (see e.g.[11;
19; 17; 16; 2; 3; 13; 14]). The variety of approaches
just reflects the various ways to deal with inconsis-
tent beliefs.

The belief merging issue is not concerned with
the way the beliefs of the group are exploited. One
possibility is to suppose that all the belief bases
are replaced by the (agreed) merged base. This
scenario is sensible with low-level agents that are
used for distributed computation, or for applications
with distributed information sources (like distributed
databases). Once the merged base has been com-
puted, all the agents participating to the merging pro-
cess are equivalent in the sense that they share the
same belief base. Such a drastic approach, when re-
peated, clearly leads to impoverish the beliefs of the
system. Contrastingly, when high-level intelligent
agents are considered, the previous scenario looks
rather unlikely: it is not reasonable to assume that
the agents are ready to completely discard their cur-
rent beliefs and inconditionnally accept the merged

base as a new belief base. It seems more adequate
for them to incorporate the result of the merging pro-
cess into their current belief base. Such an incorpo-
ration of new beliefs calls for belief revision [1; 7;
8].

In this perspective, two revision strategies can be
considered. The first one consists in giving more
priority to the previous beliefs; this is the strategy
at work for skeptical agents. The second one, used
by credulous agents, views the current beliefs of the
group as more important than their own, current be-
liefs. Thus, given a revision strategy, every merging
operator 4 induces what we call a conciliation op-
erator which maps every belief profile E (i.e., the
beliefs associated to each agent at start) to a new be-
lief profile where the new beliefs of an agent are
obtained by revising her previous beliefs with the
merged base given by E and 4 (or, vice-versa, re-
vising the merged base by her previous beliefs).

Obviously enough, it makes sense to iterate such
a merge-then-revise process when the objective of
agents is to reach an agreement (if possible): after a
first merge-then-revise round, each agent has possi-
bly new beliefs, defined from her previous ones and
the beliefs of the group; this may easily give rise to
new beliefs for the group, which must be incorpo-
rated into the previous beliefs of agents, and so on.
The objective of this paper is to study the two concil-
iation processes induced by the two revision strate-
gies for various merging operators under two simpli-
fying assumptions: homogeneity (the same revision
operator is used by all the agents) and compatibility
(the revision operator used is the one induced by the
merging operator under consideration). Some key
issues are considered, including the “convergence”
of the processes, i.e., the existence of a round from
which no further evolution is possible, the existence
of consensus (i.e., the joint consistency of all belief
bases at some stage), and the logical properties of the
iterated merging operator defined by the last merged
base once a fixed point has been reached.

The rest of the paper is organized as follows. In
the next section, some formal preliminaries are pro-
vided. Section 3 presents the main results of the pa-
per: in Section 3.1 the conciliation processes are de-
fined, in Section 3.2 the focus is laid on the skepti-
cal ones and in Section 3.3 on the credulous ones.



In Section 4 we investigate the connections between
the conciliation processes and the merging operators
they induce. Especially, we give some properties of
the corresponding iterated merging operators. Sec-
tion 5 is devoted to related work. Finally, Section 6
gives some perspectives of this work.

2 Preliminaries
We consider a propositional language L over a finite
alphabet P of propositional symbols. An interpreta-
tion is a function from P to {0, 1}. The set of all the
interpretations is denoted W . An interpretation ω is
a model of a formula K, noted ω |= K, if it makes
it true in the usual classical truth functional way. Let
K be a formula, mod(K) denotes the set of models
of K, i.e., mod(K) = {ω ∈ W | ω |= K}.

A belief base K is a consistent propositional
formula (or, equivalently, a finite consistent set of
propositional formulas considered conjunctively),
viewed up to logical equivalence.

Let K1, . . . , Kn be n belief bases (not necessarily
pairwise different). We call belief profile the vector
E consisting of those n belief bases in a specific or-
der, E = (K1, . . . , Kn), so that the nth base gathers
the beliefs of agent n. We note

∧

E the conjunction
of the belief bases of E, i.e.,

∧

E = K1 ∧ · · · ∧Kn.
We say that a belief profile E is consistent if

∧

E
is consistent. The union operator for belief profiles
(actually, of the associated multi-sets) will be noted
t.

Let E be the set of all finite non-empty belief pro-
files. Two belief profiles E1 and E2 from E are said
to be equivalent (noted E1 ≡ E2) if and only if there
is a bijection between the profile E1 and the profile
E2 s.t. each belief base of E1 is logically equivalent
to its image in E2.

For every belief revision operator ∗, every pro-
file E = (K1, . . . , Kn) and every belief base K,
we define the revision of E by K (resp. the re-
vision of K by E) as the belief profile given by
(K1, . . . , Kn) ∗ K = (K1 ∗ K, . . . , Kn ∗ K) (resp.
K ∗ (K1, . . . , Kn) = (K ∗K1, . . . , K ∗Kn)). Since
sequences of belief profiles will be considered, we
use superscripts to denote belief profiles obtained at
some stage, while subscripts are used (as before) to
denote belief bases within a profile. For instance,
Ei denotes the belief profile obtained after i ele-
mentary evolution steps (in our framework, i merge-
then-revise steps), and K i

j the belief base associated
the the jth coordinate of vector Ei.

2.1 IC merging operators
Some basic work in belief merging aims at determin-
ing sets of axiomatic properties valuable operators
should exhibit [18; 19; 16; 12; 13; 15]. We focus
here on the characterization of Integrity Constraints
(IC) merging operators [13; 14].

The aim is to characterize the belief base 4µ(E),
that represents the merging of the profile E under the
integrity constraints µ. µ is a formula that encodes
some constraints on the result (such as nature laws,
obligations, etc...).

Definition 1 (IC merging operators) 4 is an IC
merging operator if and only if it satisfies the fol-
lowing properties:

(IC0) 4µ(E) |= µ

(IC1) If µ is consistent, then 4µ(E) is consistent

(IC2) If
V

E is consistent with µ, then 4µ(E) ≡
V

E ∧
µ

(IC3) If E1 ≡ E2 and µ1 ≡ µ2, then 4µ1
(E1) ≡

4µ2
(E2)

(IC4) If K1 |= µ and K2 |= µ, then 4µ({K1, K2}) ∧
K1 is consistent if and only if 4µ({K1, K2}) ∧ K2

is consistent

(IC5) 4µ(E1) ∧ 4µ(E2) |= 4µ(E1 t E2)

(IC6) If 4µ(E1)∧4µ(E2) is consistent, then 4µ(E1 t
E2) |= 4µ(E1) ∧4µ(E2)

(IC7) 4µ1
(E) ∧ µ2 |= 4µ1∧µ2

(E)

(IC8) If 4µ1
(E)∧ µ2 is consistent, then 4µ1∧µ2

(E) |=
4µ1

(E)

For explanations on those properties see [14].
Two sub-classes of IC merging operators have been
defined. IC Majority operators aim at resolving con-
flicts by adhering to the majority wishes, while IC
arbitration operators exhibit a more consensual be-
haviour:

Definition 2 (majority and arbitration) An IC
majority operator is an IC merging operator which
satisfies the following majority postulate:

(Maj) ∃n 4µ (E1 t E2 t . . . t E2
| {z }

n

) |= 4µ(E2).

An IC arbitration operator is an IC merging oper-
ator which satisfies the following arbitration postu-
late:

(Arb)

4µ1
(K1) ≡ 4µ2

(K2)
4µ1⇔¬µ2

({K1, K2}) ≡ (µ1 ⇔ ¬µ2)
µ1 6|= µ2

µ2 6|= µ1

9

>=

>;

⇒

4µ1∨µ2
({K1, K2}) ≡ 4µ1

(K1).

See [13; 15] for explanations about those two pos-
tulates and the behaviour of the two corresponding
classes of merging operators. Let us now give some
examples of IC merging operators.

Definition 3 A pseudo-distance between interpreta-
tions is a total function d : W ×W 7→ IR+ such that
for any ω, ω′, ω′′ ∈ W:

• d(ω, ω′) = d(ω′, ω), and

• d(ω, ω′) = 0 if and only if ω = ω′.

Two widely used distances between interpreta-
tions are Dalal distance [6], denoted dH , which is
the Hamming distance between interpretations (i.e.,
the number of propositional variables on which the
two interpretations differ); and the drastic distance,
denoted dD, which is the simplest pseudo-distance
one can define: it gives 0 if the two interpretations
are the same one, and 1 otherwise.



Definition 4 An aggregation function f is a total
function associating a nonnegative real number to
every finite tuple of nonnegative real numbers and
s.t. for any x1, . . . , xn, x, y ∈ IR+:

• if x ≤ y, then f(x1, . . . , x, . . . , xn) ≤
f(x1, . . . , y, . . . , xn). (non-decreasingness)

• f(x1, . . . , xn) = 0 if and only if x1 = . . . =
xn = 0. (minimality)

• f(x) = x. (identity)

Widely used functions are the max [19; 15], the
sum Σ [19; 17; 13], or the leximax GMax [13; 15].
Then, given a distance d and an aggregation function
f , one can define a merging operator 4d,f :

Definition 5 Let d be a pseudo-distance between in-
terpretations and f be an aggregation function. The
result 4d,f

µ (E) of the (model-based) merging of E

given the integrity constraints µ is defined by:

• d(ω, K) = minω′|=Kd(ω, ω′).

• d(ω, E) = f{Ki∈E}(d(ω, Ki)).

• ω ≤E ω′ if and only if d(ω, E) ≤ d(ω′, E).

• [4d,f
µ (E)] = min([µ],≤E).

Let us illustrate now the behaviour of merging
operators on an example. This example shows the
result of a merging for the IC arbitration opera-
tor 4dH ,GMax, using the Dalal distance and the lex-
imax aggregation function, the IC majority operator
4dH ,Σ, and the operator 4dH ,Max which is not an IC
merging operator, but satisfies all IC properties ex-
cept (IC6), and (Arb).

Example 1 Let us consider a belief profile
E = (K1, K2, K3, K4) and an integrity
constraint µ defined on a propositional lan-
guage built over four symbols, as follows:
mod(µ) = W \ {(0, 1, 1, 0), (1, 0, 1, 0), (1, 1, 0, 0),
(1, 1, 1, 0)}, mod(K1) = {(1, 1, 1, 1), (1, 1, 1, 0)},
mod(K2) = {(1, 1, 1, 1), (1, 1, 1, 0)},
mod(K3) = {(0, 0, 0, 0)}, and mod(K4) =
{(1, 1, 1, 0), (0, 1, 1, 0)}. The computations are
reported in Table 1. The shadowed lines correspond
to the interpretations rejected by the integrity
constraints. Thus the result has to be taken among
the interpretations that are not shadowed. The
first four columns show the Dalal distance between
each interpretation and the corresponding source.
The last three columns show the distance between
each interpretation and the profile according to
the different aggregation functions. So the selected
interpretations for the corresponding operators are
the ones with minimal aggregated distance.

With the 4dH ,Max operator, the minimum dis-
tance is 2 and the chosen interpretations are
mod(4dH ,Max

µ (E)) = {(0, 0, 1, 0), (0, 0, 1, 1),
(0, 1, 0, 0), (0, 1, 0, 1), (1, 0, 0, 0)}.

The 4d,GMax family has been built with the pur-
pose of being more selective than the 4d,Max fam-
ily. With the 4dH ,GMax operator, the result is

mod(4dH ,GMax
µ (E)) = {(0, 0, 1, 0), (0, 1, 0, 0)}. Fi-

nally, if one chooses 4dH ,Σ for solving the con-
flict according to majority wishes, the result is
mod(4dH ,Σ

µ (E)) = {(1, 1, 1, 1)}.

2.2 Merging vs. revision
Belief revision operators can be viewed as special
cases of belief merging operators when applied to
singleton profiles, as stated below.

Theorem 1 ([14]) If 4 is an IC merging operator
(it satisfies (IC0-IC8)), then the operator ∗, defined
as K∗µ = 4µ(K), is an AGM revision operator [1;
8].

So, to each belief merging operator4, one can as-
sociate a corresponding revision operator ∗4, which
is called the revision operator associated to the merg-
ing operator 4.

3 Conciliation Operators
Conciliation operators aim at reflecting the evolu-
tion of belief profiles, typically towards the achieve-
ment of some agreements between agents. It can be
viewed as a simple form of negotiation, where the
way beliefs may evolve is uniform.

3.1 Definitions
Let us first give the following, very general, defini-
tion of conciliation operators:

Definition 6 A conciliation operator is a function
from the set of belief profiles to the set of belief pro-
files.

This definition does not impose any strong con-
straints on the result, except that each resulting be-
lief profile is solely defined from the previous one
(i.e., no additional information, like a further obser-
vation, are taken into account). Clearly, pointing out
the desirable properties for such conciliation oper-
ators is an interesting issue. We let this for future
work, but one can note that the social contraction
functions introduced by Booth [5] are very close to
this idea.

In this paper we focus on a particular family
of conciliation operators: conciliation operators in-
duced by an iterated merge-then-revise process. The
idea is to compute the belief merging from the pro-
file, to revise the beliefs of each source by the re-
sult of the merging, and to repeat this process until
a fixed point is reached. When such a fixed point
exists, the conciliation operator is defined and the
resulting profile is the image of the original profile
by this operator.

When a fixed point has been reached, incorporat-
ing the beliefs of the group has no further impact on
the own beliefs of each agent; in some sense, each
agent did its best w.r.t. the group, given its revision
function. Then there are two possibilities: either a
consensus has been obtained, or no consensus can
be obtained that way:



K1 K2 K3 K4 ddH,max ddH,Σ ddH,Gmax

(0, 0, 0, 0) 3 3 0 2 3 8 (3,3,2,0)
(0, 0, 0, 1) 3 3 1 3 3 10 (3,3,3,1)
(0, 0, 1, 0) 2 2 1 1 2 6 (2,2,1,1)
(0, 0, 1, 1) 2 2 2 2 2 8 (2,2,2,2)
(0, 1, 0, 0) 2 2 1 1 2 6 (2,2,1,1)
(0, 1, 0, 1) 2 2 2 2 2 8 (2,2,2,2)
(0, 1, 1, 0) 1 1 2 0 2 4 (2,1,1,0)
(0, 1, 1, 1) 1 1 3 1 3 6 (3,1,1,1)
(1, 0, 0, 0) 2 2 1 2 2 7 (2,2,2,1)
(1, 0, 0, 1) 2 2 2 3 3 9 (3,2,2,2)
(1, 0, 1, 0) 1 1 2 1 2 5 (2,1,1,1)
(1, 0, 1, 1) 1 1 3 2 3 7 (3,2,1,1)
(1, 1, 0, 0) 1 1 2 1 2 5 (2,1,1,1)
(1, 1, 0, 1) 1 1 3 2 3 7 (3,2,1,1)
(1, 1, 1, 0) 0 0 3 0 3 3 (3,0,0,0)
(1, 1, 1, 1) 0 0 4 1 4 5 (4,1,0,0)

Table 1: Distances

Definition 7 There is a consensus for a belief profile
E if and only if E is consistent (with the integrity
constraints).

The existence of a consensus for a belief profile
just means that the associated agents agree on at
least one possible world. When this is the case, the
models of the corresponding merged base w.r.t. any
IC merging operator reduce to such possible worlds
((IC2) ensures it). Interestingly, it can be shown
that the existence of a consensus at some stage of
the merge-then-revise process is sufficient to ensure
the existence of a fixed point, hence the termina-
tion of the process. Let us now consider two ad-
ditional properties on conciliation operators in order
to keep the framework simple enough: homogeneity
and compatibility.

Definition 8 An iterated merging conciliation oper-
ator is a function from the set of belief profiles to the
set of belief profiles, where the evolution of a profile
is characterized by a merge-then-revise approach. It
is:

• homogeneous if all the agents use the same re-
vision operator,

• compatible if the revision operator is associ-
ated to the merging operator.

In this work, we focus on compatible homo-
geneous iterated merging conciliation operators
(CHIMC in short). Under the compatibility and ho-
mogeneity assumptions, defining a CHIMC operator
just requires to make precise the belief merging op-
erator under use and the revision strategy (skeptical
or credulous):

Definition 9 (skeptical CHIMC operators) Let 4
be an IC merging operator, and ∗ its associated re-
vision operator (i.e., ϕ ∗ µ = 4µ({ϕ})). Let E be
any belief profile. We define the sequence (E i

s)i (de-
pending on both 4 and E) by:

• E0
s = E,

• Ei+1
s = 4µ(Ei

s) ∗ Ei
s

The skeptical CHIMC operator induced by 4 is de-
fined by 4∗

µ(E) = Ek
s , where k is the lowest rank i

such that Ei
s = Ei+1

s , and 4∗
µ(E) is undefined oth-

erwise. We note E∗
s = Ek

s the “resulting” profile.

Definition 10 (credulous CHIMC operators) Let
4 be an IC merging operator, and ∗ its associated
revision operator. Let E be any belief profile. We
define the sequence (Ei

c)i by:

• E0
c = E,

• Ei+1
c = Ei

c ∗ 4µ(Ei
c)

The credulous CHIMC operator induced by 4 is de-
fined by ∗4µ (E) = Ek

c , where k is the lowest rank i

such that Ei
c = Ei+1

c , and ∗4µ (E) is undefined oth-
erwise. We note E∗

c = Ek
c the “resulting” profile.

Every CHIMC operator induces a merging opera-
tor: the operator that associates to each profile the
merged base of the “last” profile in the sequence
(i.e., at the rank from which the sequence is station-
ary). Formally:

Definition 11 (CHIM operators) Let 4 be an IC
merging operator, and ∗ its associated revision op-
erator.

• The skeptical CHIM operator induced by 4
is the function that maps every profile E to
4µ(4∗

µ(E)).

• The credulous CHIM operator induced by 4
is the function that maps every profile E to
4µ(∗4µ (E)).

Let us now study the key features of the two se-
quences (Ei

s)i and (Ei
c)i and the properties of the

corresponding iterated merging operators, based on
various IC merging operators.

3.2 Skeptical operators
We start with skeptical CHIMC operators. Let us
first give an important monotony property, which
states that the conciliation process given by any IC



merging operator 4 may only lead to strengthen the
beliefs of each agent:

Theorem 2 Let Ki
j denote the belief base corre-

sponding to agent j in the belief profile Ei
s char-

acterized by the initial belief profile E and the
IC merging operator 4. For every i, j, we have
Ki+1

j |= Ki
j .

On this ground, it is easy to prove that the se-
quence (Ei

s)i is stationary at some stage, for every
profile E and every IC merging operator4. Accord-
ingly, the induced skeptical conciliation operator and
the induced skeptical iterated merging operator are
defined for every E:

Theorem 3 For every belief profile E and ev-
ery IC merging operator 4, the stationarity
of (Ei

s)i is reached at a rank bounded by
(
∑

K∈E #(mod(K))) − #(E). Therefore, the
CHIMC operator 4∗ and the CHIM operator
4(4∗) are total functions.

The bound on the number of iterations is easily
obtained from the monotony property. Another in-
teresting property is that the sequence of profiles
and the corresponding sequence of merged bases are
equivalent with respect to stationarity:

Theorem 4 Let E be a belief profile and4 be an IC
merging operator. Let µ be any integrity constraint.
The sequence (Ei

s)i is stationary from some stage
if and only if the sequence (4µ(Ei

s))i is stationary
from some stage.

The number of iterations needed to reach the fixed
point of (Ei

s)i is one for the IC merging opera-
tors defined from the drastic distance. More pre-
cisely, the skeptical CHIM operator induced by any
IC merging operator 4 defined from the drastic dis-
tance coincides with 4.

Theorem 5 Let E = (K1, . . . , Kn) be a profile.
If the IC merging operator 4 is among 4dD,Max,
4dD,Σ, 4dD,GMax, then for every j, the base K∗

j from
the resulting profile E∗ = 4∗

µ(E) can be character-
ized by:

K∗
j =

{

µ ∧4µ(E) if consistent, else
4µ(E) otherwise.

Furthermore, the resulting profile is obtained af-
ter at most one iteration (i.e., for every i > 0,
Ei = Ei+1).

We have no direct (i.e., non-iterative) definition
for any skeptical CHIM operator based on an IC
merging operator defined from the Dalal distance.
Let us see an example of such an operator.

Example 2 Let us consider the profile
E = (K1, K2, K3) with mod(K1) =
{(0, 0, 0), (0, 0, 1), (0, 1, 0)}, mod(K2) =
{(0, 1, 1), (1, 1, 0), (1, 1, 1)}, mod(K3) =
{(0, 0, 0), (1, 0, 0), (1, 0, 1), (1, 1, 1)}, no in-
tegrity constraints (µ ≡ >), and the skeptical
CHIMC operator defined from the 4dH ,GMax oper-
ator. The complete process is represented in Table

2. The columns have the same meanings as in
Table 1, but here, as there are several (three in that
case) iterations, we sum up the three tables (cor-
responding to the three merging steps) in the same
one. So, for example in column d(ω, K i

1), the first
number denotes the distance of the interpretation
with respect to K1

1 , the second one the distance with
respect to K2

1 , etc.
Let us explain the full process in details. The

first profile is E0 = E. The first merging it-
eration gives as result mod(4dH ,GMax(E0)) =
{(0, 0, 1), (0, 1, 0), (0, 1, 1), (1, 0, 0),
(1, 0, 1), (1, 1, 0)}. Then, every source revises
the result of the merging with its old beliefs, i.e.,
K1

i = 4dH ,GMax(E0) ∗ K0
i , so mod(K1

1 ) =
{(0, 0, 1), (0, 1, 0}, mod(K1

2 ) = {(0, 1, 1), (1, 1, 0}
and mod(K1

3 ) = {(1, 0, 0), (1, 0, 1}. Since
each of the three bases is consistent with the
merged base, the new base of each agent is just
the conjunction of her previous base with the
merged base (in accordance to revision postu-
lates). Then, the second merging iteration gives
mod(4dH ,GMax(E1)) = {(0, 0, 1), (1, 1, 0)}, and
the revision of each base gives mod(K2

1 ) =
{(0, 0, 1)}, mod(K2

2 ) = {(1, 1, 0)}, and
mod(K2

3 ) = {(1, 0, 0), (1, 0, 1)}. Then the third it-
eration step gives mod(4dH ,GMax(E2)) = {(1, 0, 0),
(1, 0, 1)}, and the revision step does not change any
belief base, i.e., E2 ≡ E3, so the stationary point is
reached and the process stops on this profile.

A skeptical conciliation process cannot lead to a
consensus, unless a consensus already exists at start:

Theorem 6 Let E be a belief profile and 4 be an
IC merging operator. There exists a rank i s.t. a
consensus exists for Ei

s if and only if i = 0 and there
is a consensus for E.

3.3 Credulous operators
Let us now turn to credulous CHIMC operators. Let
us first give some general properties about credulous
operators.

Theorem 7 Let Ki
j now denote the belief base cor-

responding to agent j in the belief profile Ei
c char-

acterized by the initial belief profile E and the IC
merging operator 4.

• ∀i, j Ki+1
j |= 4µ(Ei

c),

• ∀i > 0 ∀j Ki
j |= µ,

• ∀i, j, if Ki
j ∧ 4µ(Ei

c) is consistent, then

Ki+1
j ≡ Ki

j ∧4µ(Ei
c).

The first item states that, during the evolution pro-
cess, each base implies the previous merged base.
The second item states that from the first iteration,
all the bases implies the integrity constraints. The
last one is simply a consequence of a revision prop-
erty: if, at a given step, a base is consistent with the
result of the merging, then the base at the next step
will be that conjunction.



ω d(ω, Ki
1) d(ω, Ki

2) d(ω, Ki
3) dGMax(ω, Ei)d(ω,4µ(Ei))

(0,0,0) 0,1,1 2,2,2 0,1,1 (2, 0, 0)1,(2, 1, 1)1,(2, 1, 1)1
(0,0,1) 0,0,0 1,1,3 1,1,1 (1, 1, 0)0,(1, 1, 0)0,(3, 1, 0)1
(0,1,0) 0,0,2 1,1,1 1,2,2 (1, 1, 0)0,(2, 1, 0)1,(2, 2, 1)2
(0,1,1) 1,1,1 0,0,2 1,2,2 (1, 1, 0)0,(2, 1, 0)1,(2, 2, 1)2
(1,0,0) 1,2,2 1,1,1 0,0,0 (1, 1, 0)0,(2, 1, 0)1,(2, 1, 0)0
(1,0,1) 1,1,1 1,2,2 0,0,0 (1, 1, 0)0,(2, 1, 0)1,(2, 1, 0)0
(1,1,0) 1,1,3 0,0,0 1,1,1 (1, 1, 0)0,(1, 1, 0)0,(3, 1, 0)1
(1,1,1) 2,2,2 0,1,1 0,1,1 (2, 0, 0)1,(2, 1, 1)1,(2, 1, 1)1

Table 2: 4∗ dH ,GMax
µ

Unfortunately, the monotony property as reported
in Theorem 2 does not hold in the credulous case.
At that point, we can just conjecture that our credu-
lous CHIMC operators (and the corresponding iter-
ated merging operators) are defined for every profile:

Conjecture 1 For every belief profile E and every
merging operator 4 using the aggregation function
Max, GMax or Σ, the sequence (Ei

c)i is stationary
from some rank.

This claim is supported by some empirical ev-
idence. We have conducted exhaustive tests for
profiles containing up to three bases, when the set
of propositional symbols contains up to three vari-
ables. The following IC merging operators have
been considered: 4dH ,Max, 4dH ,GMax and 4dH ,Σ.
We have also conducted non-exhaustive tests when
four propositional symbols are considered in the lan-
guage (this leads to billions of tests). All the tested
instances support the claim (stationarity is reached
in less than five iterations when up to three symbols
are considered, and less than ten iterations when four
symbols are used).

We can nevertheless prove the stationarity of
(Ei

c)i for every belief profile E when some specific
IC merging operators 4 are considered. In particu-
lar, for IC merging operators defined from the drastic
distance, it is possible to find out a non-iterative def-
inition of the corresponding CHIMC operator, and
to prove that it is defined for every profile.

Theorem 8 Let E = (K1, . . . , Kn) be a profile.
If the IC merging operator is 4dD,Max, then for ev-
ery j, the base K∗

j from the resulting profile E∗ =
∗4dD,Max

µ (E) can be characterized by:

K∗
j =











µ ∧
∧

Ki:Ki∧µ0⊥

Ki if consistent, else

µ ∧ Kj if consistent, else
µ otherwise.

Furthermore, the resulting profile is obtained af-
ter at most two iterations (i.e., for every i > 1,
Ei = Ei+1).

Theorem 9 Let E = (K1, . . . , Kn) be a profile. If
the IC merging operator is 4dD,GMax or 4dD,Σ, then
for every j, the base K∗

j from the resulting profile
E∗ = ∗4dD,GMax

µ (E) = ∗4dD,Σ
µ (E) can be charac-

terized by:

K∗
j =

{

Kj ∧4dD,GMax
µ (E) if consistent, else

4dD,GMax
µ (E) otherwise.

Furthermore, the resulting profile is obtained af-
ter at most one iteration (i.e., for every i > 0,
Ei = Ei+1).

Finally, like for the skeptical case, the sequence of
profiles and the corresponding sequence of merged
bases are equivalent w.r.t. stationarity in the credu-
lous case:

Definition 12 Let E be a belief profile and 4 be an
IC merging operator. Let µ be any integrity con-
straint. The sequence (Ei

s)i is stationary from some
stage if and only if the sequence (4µ(Ei

s))i is sta-
tionary from some stage.

Let us see an example of credulous operator at
work.

Example 3 Consider the profile E = (K1, K2,
K3, K4), with:
mod(K1) = {(0, 0, 0), (0, 0, 1), (0, 1, 0)},
mod(K2) = {(1, 0, 0), (1, 0, 1), (1, 1, 1)},
mod(K3) = {(0, 0, 1), (0, 1, 0), (0, 1, 1), (1, 1, 0)},
mod(K4) = {(0, 1, 1), (1, 0, 0), (1, 1, 0), (1, 1, 1)}.
There is no integrity constraint µ ≡ >, and
let us consider the credulous CHIMC operator
defined from the merging operator 4dH ,Σ. The
computations are summed up in Table 3. The
resulting profile is mod(K2

1 ) = {(0, 0, 1)},
mod(K2

2 ) = {(1, 0, 0)}, mod(K2
3 ) = {(0, 0, 1)}

and mod(K2
4 ) = {(1, 0, 0)}. And the correspond-

ing CHIM operator gives as result a base whose
models are {(0, 0, 0), (0, 0, 1), (1, 0, 0), (1, 0, 1)},
that is different from the result of the merging of
E by the IC merging operator mod(4dH ,Σ(E)) =
{(0, 0, 1), (0, 1, 1), (1, 0, 0), (1, 1, 0)}.

4 Iterated Merging Operators
An interesting question is to investigate the proper-
ties of the CHIM operators. A first important ques-
tion is whether such operators are IC merging oper-
ators. The answer is negative in general, only some
basic postulates are guaranteed to hold:

Theorem 10 Credulous and Skeptical CHIM oper-
ators satisfy (IC0)-(IC3), (IC7) and (IC8).

Thus, some important properties of IC merging
operators are usually lost through the merge-then-
revise process. We claim that this is not so dramatic



ω d(ω, Ki
1) d(ω, Ki

2) d(ω, Ki
3) d(ω, Ki

4) dΣ(ω, Ei)
(0,0,0) 0,1,1 1,1,1 1,1,1 1,1,1 3,4,4
(0,0,1) 0,0,0 1,2,2 0,0,0 1,1,2 2,3,4
(0,1,0) 0,2,2 2,2,2 0,1,2 1,1,2 3,6,8
(0,1,1) 1,1,1 1,3,3 0,0,1 0,0,3 2,4,8
(1,0,0) 1,2,2 0,0,0 1,1,2 0,0,0 2,3,4
(1,0,1) 1,1,1 0,1,1 1,1,1 1,1,1 3,4,4
(1,1,0) 1,3,3 1,1,1 0,0,3 0,0,1 2,4,8
(1,1,1) 2,2,2 0,2,2 1,1,2 0,1,2 3,6,8

Table 3: ∗4dH ,Σ
µ

since the main purpose of conciliation processes is
not exactly the one of belief merging. Furthermore,
specific iterated merging operators (i.e., those in-
duced by some specific merging operators 4) may
easily satisfy additional postulates:

Theorem 11 The credulous iterated merging oper-
ator associated to ∗4dD,Max

µ satisfies (IC0)-(IC5),
(IC7)-(IC8) and (Arb). It satisfies neither (IC6) nor
(Maj).

In fact, the CHIM operator defined from
∗4dD,Max

µ can be defined as follows (this is a
straightforward consequence of Proposition 8):
4dD,Max

µ (∗4dD,Max
µ (E)) =







µ ∧
∧

Ki:Ki∧µ0⊥

Ki if consistent, else

µ otherwise.

Theorem 12 The credulous iterated operator asso-
ciated to ∗4dD,GMax

µ = ∗4dD,Σ
µ satisfies (IC0)-

(IC8), (Arb) and (Maj).

This result easily comes from the fact that this
credulous CHIM operator actually coincides with
the IC merging operator 4dD,GMax

µ = 4dD,Σ
µ it is

based on.
Thus, as for skeptical operators (see Proposition

5), each CHIM operator based on the drastic dis-
tance coincides with the underlying IC merging op-
erator, so it satisfies exactly the same properties (see
[14]).

As to the operators based on the Dalal distance,
things are less easy. Up to now, we did not find
an equivalent, non-iterative, definition for any of
them. We group the following results on credu-
lous/skeptical operators since they satisfy the same
properties, but the proofs of the results are different
for the two kinds of operators. Furthermore, since
stationarity is only conjectured for credulous opera-
tors (cf. Conjecture 1), we do not have a proof that
the corresponding CHIM operators are total func-
tions. So the two following results on credulous op-
erators are guaranteed under the conjecture of sta-
tionarity, only.

Theorem 13 The credulous (resp. skeptical) CHIM
operator associated to ∗4dH ,Σ

µ (resp. 4∗ dH ,Σ
µ ) sat-

isfies (IC0)-(IC3), (IC7)-(IC8) and (Maj), but does
not satisfy (IC5)-(IC6) and (Arb). The satisfaction
of (IC4) is an open issue.

Theorem 14 The credulous (resp. skeptical) CHIM
operators associated to ∗4dH ,Max

µ and ∗4dH ,GMax
µ

(resp. 4∗ dH ,Max
µ and 4∗ dH ,GMax

µ ) satisfy (IC0)-
(IC3), (IC7)-(IC8), but satisfy none of (IC5)-(IC6),
(Maj) and (Arb). The satisfaction of (IC4) is an open
issue.

5 Related Work
In [5; 4] Richard Booth presents what he calls Be-
lief Negotiation Models. Such negotiation models
can be formalized as games between sources: until
a coherent set of sources is reached, at each round a
contest is organized to find out the weakest sources,
then those sources have to be logically weakened.
This idea leads to numerous new interesting opera-
tors (depending of the exact meaning of “weakest”
and “weaken”, which correspond to the two param-
eters for this family). Booth is interested at the same
time in the evolution of the profile (in connection to
what he calls social contraction), and to the result-
ing merged base (the result of the Belief Negotiation
Model).

In [10; 9] a systematic study of a sub-class of
those operators, called Belief Game Models, is
achieved. This sub-class contains operators closer
to merging ones than the general class which also
allows negotiation-like operators.

All those operators are close in spirit to the
CHIMC/CHIM operators defined in this work. A
main difference is that in the work presented in this
paper, the evolution of a profile does not always lead
to a consensus. Scenarios where agents disagree at
a final stage are allowed. Whereas in the former
work, the evolution process leads to consensus (in
fact consensus is the halting condition of the itera-
tive definition). So CHIMC operators seem more ad-
equate to formalize interaction between agents’ be-
liefs. Thus, they are closer to negotiation processes,
since the agents’ beliefs change due to the interac-
tion with other agents’ beliefs, but this interaction
can be stopped when the agents have achieve the best
possible compromise.

6 Perspectives
This work calls for several perspectives. One of
them concerns of course the stationarity conjecture
related to credulous CHIMC operators. A second



perspective is about rationality postulates for concil-
iation operators; such postulates should reflect the
fact that at the end of the conciliation process, the
disagreement between the agents participating to the
conciliation process is expected not to be more im-
portant than before; a difficulty is that it does not
necessarily mean that this must be the case at each
step of a conciliation process.

Furthermore, when a consensus is reached for
those conciliation operators, one can use the num-
ber of steps needed to reach the consensus as a mea-
sure of conflict of the profiles. Such a measure could
be used to compare several profiles and to determine
what are the less conflictual ones.

Another perspective is to enrich our framework in
several directions; one of them consists in relaxing
the homogeneity assumption; in some situations, it
can prove sensible to consider that an agent is free
to reject a negotiation step, would it lead her to a
belief state “too far” from its original one; another
direction is to study less drastic revision behaviours,
for example obtained through non-prioritized belief
revision operators. It would be interesting to incor-
porate as well such features in our approach.
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of merging. In Proceedings of the Sixth Inter-
national Conference on Principles of Knowl-
edge Representation and Reasoning (KR’98),
pages 488–498, 1998.

[13] S. Konieczny and R. Pino Pérez. Merg-
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tier between arbitration and majority. In Pro-
ceedings of the Eighth International Confer-
ence on Principles of Knowledge Representa-
tion and Reasoning (KR’02), pages 109–118,
2002.

[16] P. Liberatore and M. Schaerf. Arbitration (or
how to merge knowledge bases). IEEE Trans-
actions on Knowledge and Data Engineering,
10(1):76–90, 1998.

[17] J. Lin and A. O. Mendelzon. Knowledge base
merging by majority. In Dynamic Worlds:
From the Frame Problem to Knowledge Man-
agement. Kluwer, 1999.

[18] P. Z. Revesz. On the semantics of theory
change: arbitration between old and new in-
formation. In Proceedings of the Twelfth
ACM SIGACT-SIGMOD-SIGART Symposium
on Principles of Databases, pages 71–92,
1993.

[19] P. Z. Revesz. On the semantics of arbitration.
International Journal of Algebra and Compu-
tation, 7(2):133–160, 1997.


